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On Black Hole Creation in Planckian Energy Scattering
I.Ya. Aref’eva ∗, K.S. Viswanathan †and I.V.Volovich‡
Abstract
In a series of papers Amati, Ciafaloni and Veneziano and ’t Hooft conjectured
that black holes occur in the collision of two light particles at planckian energies. In
this talk based on [10] we discuss a possible scenario for such a process by using the
Chandrasekhar-Ferrari-Xanthopoulos duality between the Kerr black hole solution and
colliding plane gravitational waves.
1 Introduction
An idea by M.A.Markov [1, 2], see also [3], that black holes can be considered as elementary
particles becomes nowadays a common place in quantum gravity [4] and superstring theory
[5, 6, 7]. If black holes are particles then one can ask about creation and annihilation of
black holes in scattering processes of ordinary particles with very high energies. Amati,
Ciafaloni and Veneziano [8] and ’t Hooft [9] made a conjecture that black holes will occur in
the collision of two light particles at Planck energies with small impact parameters.
In this talk based on [10] we discuss the following possible mechanism of black holes
creation
Particles → gravitational waves → Black Holes
Ultra-relativistic particles generate plane gravitational waves then these plane gravita-
tional waves collide and produce a singularity or a black hole.
We are going to discuss some issues concerning quantum mechanical description of black
hole creation in the scattering processes of particles. Note that black holes cannot be incor-
porated into the theory if we consider quantum field theory in Minkowski space-time.
It is difficult to perform calculations for such a process in a realistic situation. We shall
discuss here an idealized picture. Any gravitational wave far away from sources can be
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considered as a plane wave. We assume that plane waves already have been produced by
ultrarelativistic particles and then consider analytically the process of black hole formation
under interaction of these plane waves.
We discuss the semiclassical transition amplitude for the process of creation of black hole
in the collision of two plane waves in the semiclassical approximation. For this purpose use
a classical discribtion of the process
gravitational waves → Black Holes
Classical collision of plane gravitational waves has been the subject of numerous inves-
tigations, see for example [16, 17, 18, 19], and it has a remarkably rich structure. Here we
are going to use the Chandrasekhar-Ferrari-Xanthopoulos duality between colliding plane
gravitational waves and the Kerr black hole solution.
One has two dimensionless parameters in a scattering process at Planck energies[8, 9]. If
E is the energy in the center of mass frame, then one defines the Planckian energy regime
to be GE2/h¯ ≥ 1, where G is the Newton constant. This means that one can treat the
process semiclassically. The other dimensionless parameter is GE/b, where b is the impact
parameter. If one takes GE/b ≪ 1 , one can use the eikonal approximation. The elastic
scattering amplitude A(s, t) in the eikonal approximation was found in [8, 9]. Fabbrichesi,
Pettorino, Veneziano and Vilkovisky (FPVV) [15] gave the representation
A(s, t) ∼ s
∫
d2b eiqbeiIcl(s,b). (1.1)
Here s and t are the Mandelstam variables, q2 = −t. Icl(s, b) was taken to be the value of
the boundary term for the gravitational action calculated on the sum of two Aichelburg-Sexl
shock waves,
Icl(s, b) = Gs log b
2. (1.2)
This corresponds to a linearization of the problem and one cannot see in such an approxi-
mation black hole formation. It is tempting to suggest that one can use the FPVV approach
[15] and the formula of type (1) even for small impact parameters to calculate the phase of
the transition amplitude from a state containing two particles to a state containing a black
hole. In such a case Icl(s, b) could be the value of the gravitational action for a solution of
Einstein equation corresponding to an interior of the Kerr black hole created in the collision
of plane gravitational waves. The parameters s and b in this case could be expressed in
terms of the mass and angular momentum of the Kerr black hole.
2 Black Hole Transition Amplitude
We discuss here some issues concerning quantum mechanical description of black hole cre-
ation in the scattering processes of particles. Let us note first that black holes cannot be
incorporated into the theory if we consider quantum field theory in Minkowski space-time.
In fact it is obvious from Einstein equation
Rµν − 1
2
gµνR = 8piGTµν (2.1)
that if one has matter, i.e. a nonvanishing Tµν then one has a nontrivial gravitational
field. This means that one has to start with a region of space-time which is flat only
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in some approximation. Then, in the process of collision, one gets a strong gravitational
field including perhaps black holes and/or singularities. Let us clarify the meaning of the
transition amplitude from a state describing particles to a state containing black holes,
< Black holes|Particles in almost Minkowski space-time > .
By analogy with the definition of transition amplitude in quantum mechanics this tran-
sition amplitude can be characterized by values of the metric and others fields in two given
moments of time (or by data on two given Cauchy surfaces, say Σ′ and Σ′′).
Our starting point is the quantum-mechanical Feynman transition amplitude between
definite configurations of the three-metric h′ij and field Φ
′ on an initial spacelike surface Σ′
and a configuration h′′ij and Φ
′′ on a final surface Σ′′. This is
< h′′, φ′′,Σ′′|h′, φ′,Σ′ >=
∫
e
i
h¯
S[g,Φ] DΦDg, (2.2)
where the integral is over all four-geometries and field configurations which match given
values on two spacelike surfaces, i.e.
Φ|Σ′ = φ′, g|Σ′ = h′ (2.3)
Φ|Σ′′ = φ′′, g|Σ′′ = h′′ (2.4)
In this paper we shall consider the transition amplitude in the semiclassical approximation
and we don’t discuss here the introduction of ghosts and the definition of the measure Dg.
We are interested in the process of black hole creation. Therefore we specify the initial
configuration h′ and φ′ on Σ′ as configuration of gravitational and matter fields in Minkowski
spacetime and we specify the final configuration h′′ and φ′′ on Σ′′ as describing a black hole.
So, Σ′ is a partial Cauchy surface with asymptotically simple past in a strongly asymptotically
predictable space-time and Σ′′ is a partial Cauchy surface containing black hole(s), i.e.
Σ′′ − J−(T +) is non empty. To explain these let us recall some necessary notions from the
theory of black holes [21, 22].
Black holes are conventionally defined in asymptotically flat space-times by the existence
of an event horizon H . The horizon H is the boundary J˙−(I+) of the causal past J−(I+) of
future null infinity I+, i.e. it is the boundary of the set of events in space-time from which
one can escape to infinity in the future direction.
The black hole region B is
B =M − J−(I+)
and the event horizon
H = J˙−(T +).
Consider a space that is asymptotically flat in the sense of being weakly asymptotically
simple and empty, that is, near future and past null infinities it has a conformal structure
like that of Minkowski space-time. One assumes that space-time is future asymptotically
predictable, i.e. there is a surface S in spacetime that serves as a Cauchy surface for a
region extending to future null infinity. This means that there are no ”naked singularities”
(a singularity that can be seen from infinity) to the future of the surface S. This gives a
formulation of Penrose’s cosmic censorship conjecture.
A space-time (M, gµν) is asymptotically simple if there exists a smooth manifold M˜ with
metric g˜µν , boundary T , and a scalar function Ω regular everywhere on M˜ such that
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(i) M˜ − I is conformal to M with g˜µν = Ω2gµν ,
(ii) Ω > 0 in M˜ − T and Ω = 0 on I with ∇µΩ 6= 0 on I,
(iii) Every null geodesic on M˜ contains, if maximally extended, two end points on I.
If M satisfies the Einstein vacuum equations near I then I is null. I consists of two
disjoint pieces I+ (future null infinity) and I− (past null infinity) each topologically is
≈ RxS2.
A space-time M is weakly asymptotically simple if there exists an asymptotically simple
M0 with corresponding M˜0 such that for some open subset K of M˜0 including I, the region
M0 ∪ K is isometric to an open subset of M . This allows M to have more infinities than
just I.
The domain of dependence D+(Σ) (D−(Σ)) of a set Σ is defined as the set of all points
p ∈M such that every past (future) inextendible non-spacelike curve through p intersects Σ.
A space like hypersurface which no non-spacelike curve intersects more than once is called a
partial Cauchy surface. Define D(Σ) = D+(Σ)∪D−(Σ). A partial Cauchy surface Σ is said
to be a global Cauchy surface if D(Σ) =M .
Let Σ be a partial Cauchy surface in a weakly asymptotically simple and empty space-
time (M, g). The space-time (M, g) is (future) asymptotically predictable from Σ if I+ is
contained in the closure of D+(Σ) in M˜0. If, also, J
+(Σ)∩ J¯−(I+, M¯) is contained in D+(Σ)
then the space-time (M, g) is called strongly asymptotically predictable from Σ. In such a
space there exist a family Σ(τ), 0 < τ <∞, of spacelike surfaces homeomorphic to Σ which
cover D+(Σ)−Σ and intersects I+. One could regard them as surfaces of constant time. A
black hole on the surface Σ(τ) is a connected component of the set
B(τ) = Σ(τ)− J−(I+, M¯).
One is interested primarily in black holes which form from an initially non-singular state.
Such a state can be described by using the partial Cauchy surface Σ which has an asymp-
totically simple past, i.e. the causal past J−(Σ) is isometric to the region J−(I) of some
asymptotically simple and empty space-time with a Cauchy surface I. Then Σ has the
topology R3.
In the case considered one has a space-time (M, gµν) which is weakly asymptotically
simple and empty and strongly asymptotically predictable .
Σ′ is a partial Cauchy surface with asymptotically simple past, Σ′ ∼ R3.
Σ′′ = Σ(τ ′′) contains a black hole, i.e. Σ′′− J−(I+, M¯) is nonempty.
In particular, if one has the condition Σ′ ∩ J¯−(I) is homeomorphic to R3 (an open set
with compact closure) then Σ′′ also satisfies this condition.
Strictly speaking one cannot apply the standard definition of black holes to the case of
plane gravitational waves and we need a generalization.One defines a black hole in terms of
the event horizon, J˙−(I+). However this definition depends on the whole future behaviour of
the metric. There is a different sort of horizon which depends only on the properties of space-
time on the surface Σ(τ) [21]. Any point in the black hole region bounded by r = 2m in the
Kruskal diagram represents a trapped surface (which is a two-dimensional sphere in space-
time) in that both the outgoing and ingoing families of null geodesics emitted from this point
converge and hence no light ray comes out of this region. A generalization of the definition
of black holes in terms of trapped horizon has been considered in [26, 29]. A generalization
of the standard definition of black holes to the case of nonvanishing cosmological constant
was considered by Gibbons and Hawking [15].
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We discussed the transition amplitude (propagator) between definite configurations of
fields, < h′′, φ′′,Σ′′|h′, φ′,Σ′ >. The transition amplitude from a state described by the wave
function Ψin[h′, φ′] to a state Ψout[h′′, φ′′] reads
< Ψout|Ψin >= (2.5)
∫
Ψ¯out[h′′, φ′′] < h′′, φ′′,Σ′′|h′, φ′,Σ′ > Ψin[h′, φ′]Dh′Dφ′Dh′′Dφ′′.
One can take for example the state Ψin = Ψinp1p2[h
′, φ′] as a Gaussian distribution describing
a state of particles with momenta p1 and p2 and take Ψ
out as a wave function describing a
state of black hole. Recently Barvinski, Frolov and Zelnikov have suggested an expression
for the wave function of the ground state of a black hole [20].
3 Boundary term in Gravitational Action and Semi-
classical Expansion
In this section we discuss an approximation scheme for calculating the transition amplitude
following the FPVV approach [15]. The gravitational action with the boundary term has
the form [23]
S[g] = − 1
16piG
∫
V
R
√−gd4x− 1
8piG
∫
∂V
K
√
hd3x (3.1)
Here V is a domain in space-time with the space-like boundary ∂V , h is the first fundamental
form and K is the trace of the second fundamental form of ∂V .
The case of null surfaces was considered in [24]. We shall write a representation of the
boundary term suitable for quantum consideration. The action is
S[g] = − 1
16piG
(∫
V
d4x
√−g R(g) +
∫
V
d4x
√−g ∇µfµ(g)
)
, (3.2)
where
fµ(g) = gαβgµν∂νgαβ − gµαgβν∂νgαβ. (3.3)
Supposing that the boundary is described by equation
σ(x) = 0 (3.4)
one gets the action in the form
S[g] = − 1
16piG
(
∫
V
d4x
√−g R(g) +
∫
V
d4x
√−gcl δ(σ(x)) fµ∇µσ). (3.5)
The linearization of the action (3.2) leads to the action in the FPVV form [15].
Let us show that the presence of the boundary term in the action (3.2) is necessary
for the selfconsistency of the semiclassical expansion. To perform semiclassical expansion,
one expands the metric g around a classical solution gcl of the Einstein equation so that
g = gcl + δg,
S[g] = S[gcl + δg] = S[gcl] + S
′[gcl]δg +
1
2
S ′′[gcl](δg)
2 + ..., (3.6)
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where gcl matches the given Cauchy data on surfaces Σ
′ and Σ′′, i.e.
gcl |Σ′ = h′, gcl |Σ′′ = h′′ (3.7)
In this case δg|Σ′ = δg|Σ′′ = 0, but we cannot guarantee that ∇δg|Σ′ = ∇δg|Σ′′ = 0. To
ensure that terms linear in ∇δg drop out from expression (3.6) (otherwise we cannot perform
semiclassical expansion) one has to integrate by parts. One has
S[g + δg] = − 1
16piG
(∫
d4x
√−g R(g) +
∫
d4x
√−g ∇µfµ(g))+ (3.8)
+
∫
d4x
√−g (gµν∇2δgµν −∇µ∇νδgµν) +∇µ(gαβ∂µδgαβ − gµα∂βδgαβ)
)
+ second order terms.
In eq.(3.8) we have dropped the subscript cl from gcl. The linear terms coming from the
Hilbert-Einstein action can be put in the form
gµνgαβ∇α∇βδgµν −∇µ∇νδgµν = ∇µ(gαβ∇µδgαβ − gµα∇βδgαβ) (3.9)
Notice that on the RHS of the last relation covariant derivatives can be replaced by partial
derivatives because on the boundary δg = 0. Therefore one finds that terms linear in δ∂g
coming from Hilbert-Einstein action cancel similar terms coming from full divergence and
the action (2.2) admits the expansion (3.6).
Taking into account that the value of the Hilbert-Einstein action on the classical solution
is equal to zero, one finds that the full action for a solution of Einstein equation is reduced
to the second term in (3.8) which can be reduced to a boundary term.
The transition amplitude (2.2) in semiclassical approximation is
< h′′,Σ′′|h′,Σ′ >= Z exp i
h¯
Scl (3.10)
where
S[gcl] = − 1
16piG
∫
d4x
√−gcl δ(σ(x)) fµ∇µσ, (3.11)
f is given by equation (3.3) and
Z = ( pi
detS ′′(gcl)
)1/2
We assume here that there is only one solution of classical equation of motion with given
boundary conditions.
4 Colliding Plane Gravitational Waves
There exists a well known class of plane-fronted gravitational waves with the metric
ds2 = 2dudv + h(u,X, Y )du2 − dX2 − dY 2 (4.1)
where u and v are null coordinates . In particular the gravitational field of a particle moving
with the speed of light is given by the Axelburg-Sexl solution. The metric has the form
ds2 = 2dudv + E log(X2 + Y 2)δ(u)du2 − dX2 − dY 2 (4.2)
6
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Figure 1: (u, v) plane wave coordinates
and describes a shock wave. It is difficult to find a solution which describes two sources.
An approximate solution of equation (2.1) for two particles as the sum of solutions each of
which describes one particle was considered by FPVV[15]. This approximation describes
well the scattering amplitude for large impact parameter, but does not describe non-linear
interaction of shock waves which is dominant in the region of small impact parameter. To
analyze non-linear effects we will, instead of dealing with shock waves, take a simple solution
of Einstein equation, namely we will take plane gravitational waves. In some respects one
can consider plane wave as an approximation to more complicated gravitational waves, in
particular shock waves. This solution in some sense can be interpreted as an approximation
for a solution of Einstein equation in the presence of two moving particles. Collision of two
ultrarelativistic black holes was considered by D’Eath [25]. If our particles are gravitons
then there are no sources corresponding to matter fields in Einstein equations. Note also
that plane gravitational waves are produced by domain walls, see [12].
A particular class of plane waves is defined to be plane-fronted waves in which the field
components are the same at every point of the wave surface. This condition requires that
h(u,X, Y ) is a function with a quadratic dependence on X and Y . One can then remove the
dependence of h on X and Y altogether by a coordinate change. Solutions of Einstein equa-
tions describing collision of plane gravitational waves were first obtained by Szekeres and
Khan and Penrose [16]. Chandrasekhar, Ferrari and Xanthopoulos [17, 18] have developed
a powerful method for obtaining such solutions by using a remarkable analogy (”duality”)
with stationary axisymmetric case which can be reduced to the investigation of the Ernst
equation. For a review see the Griffiths book [19].
We will use the coordinates (u, v, x, y). We assume that throughout space-time there
exists a pair of commuting space-like Killing vectors ξ1 = ∂x, ξ2 = ∂y . The Szekeres line
element has the form
ds2 = 2e−Ndudv − e−U(eV coshWdx2 − 2 sinhWdxdy + e−V coshWdy2), (4.3)
Here N,U, V and W are functions of u and v only.
We illustrate in Fig.1 the two-dimensional geometry of plane waves. Space-time is divided
into four regions. The region I is the flat background before the arrival of the plane waves.
The null hypersurfaces u = 0, and v = 0 are the past wave fronts of the incoming plane
waves 1 and 2. The metric in region I is Minkowski. Regions II and III represent incoming
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plane waves which interact in region IV. Colliding plane gravitational waves can produce
singularities or Cauchy horizons in the interaction region [26, 17, 27, 28, 29]. The solution
is undetermined across a Cauchy horizon [17, 30, 29, 31] into the future. We shall discuss
two simplest extensions.
In particular, one can get an interior of the Schwarzschild solution in the interaction region
IV.There are two types of colliding plane waves solutions corresponding to the Schwarzschild
metric. The first one creates the interior of the black hole with the usual curvature singularity.
In this case incoming plane waves have curvature singularities already before collision. In the
context of the Planck energy scattering it seems more natural that we don’t have curvature
singularities already for free plane gravitational waves. Therefore we will be discussing
mainly another type of solutions one gets in the interaction region, namely, the interior of
the Schwarzschild white hole. The maximal analytic extension of this solution across its
Killing-Cauchy horizon leads to creation of a covering space of the Schwarzschild black hole
out of collision between two plane gravitational waves. An alternative interpretation of this
solution is the creation of the usual Schwarzschild black hole out of the collision between two
plane gravitational waves propagating in a cylindrical universe. There exists also a time-
reversed extension [29] including the covering space of the Schwarzschild exterior and part of
black hole, and giving two receding plane waves with flat space between. We will interpret
this as scattering of plane waves on the virtual black hole.
Vacuum Einstein equations for the metric (4.3) give a system of differential equations
for functions U , V , N and W . One of these equations can be integrated to give (see [10] for
details)
e−U = f(u) + g(v), (4.4)
where f(u) and g(v) are arbitrary functions. We fix a gauge by using f = f(u) and g = g(v)
as new coordinates instead of u and v and then we change variables from f and g to µ and
η such that
f + g = (1− µ2)1/2(1− η2)1/2, f − g = −µη. (4.5)
By introducing the complex valued function
Z = χ+ iλ, (4.6)
where
χ = e−V / coshW, λ = e−V tanhW. (4.7)
one can reduce the system of differential equations for functions U , V , N and W to the
Ernst equation on Z. In particular, this procedure gives the following solution of the vacuum
Einstein equations
ds2 = X(
dη2
1− η2 −
dµ2
1− µ2 )− (1− µ
2)1/2(1− η2)1/2[χdy2 + 1
χ
(dx− λdy)2], (4.8)
where
χ = (1− µ2)1/2(1− η2)1/2X
Y
(4.9)
λ =
2q
p
[
1
1 + p
− (1− η
2)(1− pµ)
1− p2µ2 − q2η2 ] (4.10)
and
X = (1− pµ)2 + q2η2, Y = 1− p2µ2 − q2η2, (4.11)
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p and q satysfy
E = pµ+ iqη. (4.12)
Now let us take
p = −(m
2 − a2)1/2
m
, q =
a
m
, m ≥ a (4.13)
and introduce the new coordinates (t, r, θ, φ) instead of (µ, η, x, y) by putting
µ =
r −m
(m2 − a2)1/2 , η = cos θ (4.14)
t = −
√
2m(x− 2q
p(1 + p)
), φ =
√
2m
(m2 − a2)1/2 y (4.15)
Then the metric (4.8) will take the form of the Kerr solution
2m2ds2 = (1− 2mr
ρ2
)dt2− 4amr
ρ2
sin2 θdtdφ− (r2 + a2− 2a
2mr
ρ2
) sin2 θdφ2− ρ2( 1
∆
dr2+ dθ2),
(4.16)
where
ρ2 = r2 + a2 cos2 θ, ∆ = r2 − 2mr + a2 (4.17)
The coordinates must satisfy the inequality |η| < µ ≤ 1. This implies that−(m2−a2) sin2 θ <
∆ ≤ 0, which means the region of the Kerr spacetime that is inside the ergosphere.
To describe the colliding plane gravitational waves producing the interior of the ergo-
sphere in the Kerr spacetime it is convenient to rewrite the metric (4.8) in terms of the
(u′, v′) coordinates related with (η, µ) by the following relations
η = sin(u′ − v′), µ = sin(u′ + v′), (4.18)
These (u′, v′) are related to (u, v) in (4.3) by u = sin u′, v = sin v′. For simplicity of notations
we will omit ′ in (4.18). We have
ds2 = 4X(u, v)dudv− Ω(u, v)[χ(u, v)dy2 + 1
χ(u, v)
(dx− λ(u, v)dy)2], (4.19)
where
X(u, v) = (1− p sin(u+ v))2 + q2 sin2(u− v), Ω(u, v) = cos(u+ v) cos(u− v), (4.20)
λ(u, v) =
2q
1 + p
1− sin(u+ v)
Y (u, v)
((p+ 1) sin2(u− v) + p sin(u+ v)− 1) (4.21)
Y (u, v) = 1− p2 sin2(u+ v)− q2 sin2(u− v). (4.22)
In (4.19)
0 < u < pi/2, 0 < v < pi/2, v + u < pi/2 (4.23)
To extend the metric (4.19) outside of region (4.23) one uses the Penrose-Khan trick and
substitutes in (4.19)
u→ uθ(u), v → vθ(v), (4.24)
9
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Figure 2: Initial and final Cauchy surfaces
θ(x) =
{
1, x > 0
0, x < 0
(4.25)
Fig.1 illustrates this metric. The region I (u < 0, v < 0) is Minkowskian. Regions II and
III contain the approaching plane waves with the following metrics
(dsII)2 = 4X(u)dudv − Ω(u)[χ(u)dy2 + 1
χ(u)
(dx− λ(u)dy)2], (4.26)
(dsIII)2 = 4X(v)dudv − Ω(v)[χ(v)dy2 + 1
χ(v)
(dx− λ(v)dy)2], (4.27)
where
X(u) = (1− 2p sinu) + sin2 u, Ω(u) = cos2 u, (4.28)
λ(u) = 2q(sin u− 1
1 + p
) (4.29)
In (4.26)
u < pi/2, v < 0, (4.30)
and in (4.27)
u < 0, v < pi/2, (4.31)
The region IV is the interaction region with metric (4.19).
5 Semiclassical Transition Amplitude
In this section we study the transition amplitude
< 2pw,WH|2pw > (5.1)
from a state |2pw > of two plane gravitational waves to a state |2pw,WH > containing
white-hole and two plane gravitational waves. Analogous calculations may be performed for
the transition amplitude
< 2pw|2pw > (5.2)
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from two plane gravitational waves back to two plane gravitational waves and for the am-
plitude
< BH|2pw > (5.3)
for a process 2 plane waves → black holes. We can consider these two amplitudes as ampli-
tudes of two independent channels.
To find these transition amplitudes in the semiclassical approximation according to (3.10),
we have to evaluate the boundary term for the classical solution interpolating between two
plane gravitational initial state and an appropriate final state.
Let us start considering the transition (5.1). The corresponding classical solution is shown
in Fig.2. In this case the initial Cauchy surface Σ′ crosses regions I,II and III and the final
surface crosses regions II,IV and III. For the surfaces Σ′ and Σ′′ shown in Fig.2 equation
(3.4) reads
Σ′ : σ = u+ v − w′0 = 0, w′0 ≤ 0 (5.4)
Σ′′ : σ = u+ v − w′′0 = 0, 0 < w′′0 ≤ pi/2 (5.5)
In this case the other parts of the boundary defining the boundary term are given by equa-
tions
B2 : u− pi/2 = 0, w′0 − pi/2 ≤ v ≤ w′′0 − pi/2; B′2 : u = 0, w′0 − pi/2 ≤ v ≤ 0 (5.6)
B3 : v − pi/2 = 0, w′0 − pi/2 ≤ u ≤ w′′0 − pi/2; B′3 : v = 0, w′0 − pi/2 ≤ u ≤ 0 (5.7)
To calculate the phase factor let us give expressions for fµ on the boundary. In Minkowski
space we have fµ = 0. In all regions fx = f y = 0, moreover
fu|II = 0, f v|III = 0 (5.8)
So the value of the action (3.11) for the two plane waves solution (4.26), (4.27) is reduced
to the sum of two terms each of which represents a contribution from the Cauchy surface Σ′
and Σ′′, respectively,
S(g
(2pw)
cl ) = S
Σ′ + SΣ
′′
, (5.9)
where
SΣ
′
= S ′2 + S
′
3, S
Σ′′ = S ′′2 + S
′′
3 + S
′′
4 , (5.10)
see Fig.2. So
< 2pw|2pw,WH >= Z exp{ i
h¯
(S ′2 + S
′
3 − S ′′2 − S ′′3 − S ′′4 )} (5.11)
here Z is the one-loop contribution.
Taking into account the special form of the metric one can write fw in regions II, III
and IV respectively in the following form
√−gfw|II = Ω(u)∂u ln[X(u)Ω2(u)] (5.12)
√−gfw|III = Ω(v)∂v ln[X(v)Ω2(v)] (5.13)√−gfw|IV = Ω(w, z)∂w ln[X(w, z)Ω2(w, z)] (5.14)
w = u+ v, z = v − u.
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The representation (5.12) was obtained in the following way. Metric (4.19) in (w, z, x, y)
coordinates admits the representation
gµν =
(
gαβ 0
0 gij
)
. (5.15)
with the diagonal matrix gαβ,
gαβ =
(
gww 0
0 gzz
)
., gww = −gzz = X (5.16)
and gij of the form
gij = Ωg˜ij (5.17)
where
g˜ij =
( 1
χ
−λ
χ
λ
χ
χ+ λ
2
χ
)
. (5.18)
being an element of the group SL(2). From equation (3.3) it follows
fw = gww(gzz∂wgww + g
ij∂wgij) (5.19)
Taking into account that the trace trg˜−1∂g˜ = 0 for the group SL(2), we get
fw = gww(gzz∂wgww + 2Ω
−1∂wΩ), (5.20)
from which follows the representation (5.14).
We have to compute the value of the boundary term in the action on the plane wave
solution. Because the plane wave metric does not depend on x and y coordinates we have
to introduce a cut-off L in these directions. Simple calculations give
S ′2 = −
1
16piG
∫ L/2
−L/2
dx
∫ L/2
−L/2
dy
∫ 0
pi/2
du
∫ w′
0
w′
0
−pi/2
dvδ(u+ v − w′0)Ω(u)∂u ln[X(u)Ω2(u)] (5.21)
= − 1
16piG
L2
∫ 0
pi/2
du cos2 u∂u[ln((1− p sin u)2 + q2 sin2 u) cos4 u]
= − 2L
2
16piG
(
∫ 0
1
du
(1− u2)(u− p)
1− 2up+ u2 − 4
∫ 0
1
udu)
= − L
2
16piG
(−3 − 2p+ 2q2 ln 2(1− p) + 4pq arctan q
1− p)
and
S ′′2 = −S ′2 + S¯ ′′2 , (5.22)
where
S¯ ′′2 =
L2
16piG
∫ 0
w′′
0
du cos2 u∂u[ln((1− p sin u)2 + q2 sin2 u) cos4 u] (5.23)
=
L2
16piG
[−3 sin2w′′0 − 2p sinw′′0 + 2q2 ln(sin2w′′0 − 2p sinw′′0 + 1) + 4pq arctan
q sinw′′0
1− p sinw′′0
]
One can take the box L2 in the x−y plane and consider the periodic boundary conditions.
If gµν is a solution of the vacuum Einstein equations then g˜µν=
c
L2
gµν is also a solution. c is
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some constant of dimension of square of the length, in particular, we can take c = m2. If we
take metric g˜µν in our computations of the transition amplitude then L
2 in (5.21) and (5.23)
disappears.
The part of the boundary which cross the white hole region gives the following contribu-
tion
S ′′4 = −
1
16piG
∫ L/2
−L/2
dx
∫ L/2
−L/2
dy
∫ w′
0
−w′
0
dzΩ(w, z)∂w ln[X(w, z)Ω
2(w, z)] (5.24)
= − L
2
16piG
∫
−w′′
0
w′′
0
dz[
−2p(1 − p sinw′′0) cos2w′′0 cos z
(1− p sinw′′0)2 + q2 sin2 z
− 2 sinw′′0 cos z]
Now let us consider the special case when w′′0 = pi/2. In this case we do not have plane waves
in the final state but only a white hole. Then only the second term in the RHS of (5.24)
survives and we get
SΣ
′′
= S ′′4 =
L2
4piG
.
Therefore the amplitude describing the transition from two plane waves to white hole in the
semiclassical approximation is given by
< WH|2pw >= Z exp{ i
h¯
(S ′2 + S
′
3 − S ′′4 )} = (5.25)
Z exp{− iL
2
8piGh¯
[−1 − 2p+ 2q2 ln 2(1− p) + 4pq arctan q
1− p ]}
To get the semiclassical answer for the transition amplitude < 2pw|2pw > we have to
consider the classical solution which describes the metric extended as shown in Fig.4. We
see from equations (5.21) that S ′2 does not depend on w
′
0 and therefore for the transition
amplitude describing the elastic scattering of two plane waves the phase factors is zero, and
< 2pw|2pw >= Z (5.26)
In this section we have computed only the phases of transition amplitudes. However they
contain a nontrivial information about our processes because we different channels available
and there would be a quantum mechanical interference between them.
CONCLUSION
We have considered a possible mechanism for black hole creation in the collision of two
light particles at planckian energies. Many questions deserve further study. In particular
there is an important question of how to relate the momenta of colliding particles with
characteristics of colliding plane waves. It is known that a plane wave does not lead to
polarization of vacuum [34]. It was shown that a plane wave is an exact string background
[35, 36, 37, 38] and there is a duality with extreme black hole [39]. One can conjecture that a
dilaton gravity analogue of the CFX duality between colliding plane waves and non-extremal
black holes discussed in this paper could lead to a corresponding string duality.
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